
Indian Statistical Institute
First Semester Examination 2004-2005

B.Math (Hons.) III Year
Introduction to Nonlinear Dynamics

Instructor : J Biswas Date:24-11-04 Max. Marks : 50

Attempt all questions :

1. Let f be a smooth vectorfield on IRn. Let V : IRn → IR be a smooth
function such that DV (x)f(x) < 0 at all points x when f(x) 6= 0.
Prove that
(a)V is strictly decreasing along each nonconstant trajectory of the
system ẋ = f(x).

(b) For each trajectory Γ of the system ẋ = f(x), ω(Γ) consists of only
equilibrium points (assuming ω(Γ) is nonempty). [5+5]

2. (a) Show that the origin of the system
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is an asymptotically stable equilibrium point.

(b) Consider the linearization ẋ = Df(0)x of the above problem. Prove
that the origin is a stable equilibrium point. Is it asymptotically
stable? [10]

3. Show that for the linear system ẋ = Ax where A =
(

a −b
b a

)
at

any point (x0, 0) on the x-axis, the Poincare map for the focus at the
origin is given by P (x0) = x0 exp(2πa

|b| ). [10]

4. (a) Consider the system

ẋ = −y + x(r4 − 3r2 + 1) where r2 = x2 + y2

ẏ = x + y(r4 − 3r2 + 1)

Show that there is a periodic orbit of their system in the annular region
A = {x ∈ IR2/1 < |x| < 2}
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(b) Let f be a smooth vectorfield on IR2. A point x ∈ IR2 is called
a recurrent point if there exists a sequence tn ↗ ∞ such that the
sequence φtn(x) converges to x (here φt is the flow associated to f).
Prove that if x is a nonequilibrium recurrent point then the trajectory
through x of the system ẋ = f(x) is periodic. [5+5]

5. Let T be the torus, let D ⊆ T be a disk and S = T − Int(D). Observe
that the boundary of S, ∂S, is equal to the boundary of D, ∂D, which
is a circle. Consider a smooth vectorfield f on S which is tangent to
∂S. Show that f has a critical point. [10]
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